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F-thresholds $MuSt\mathfrak{g}td$ , $\tau(I)$




“F-threshold” $F$-Pure threshold” , F-pure thresh-
old .
\S 1. F-pure thresholds
$p>0$ , . Robenius $F:Aarrow A$ ,
$F(a)=a^{p}$ ( $A^{1/p}$ $A$ ) . , $q$ $P$
$q=p^{e}$ . $I\subset A$ $I^{[q]}$ $\{a^{q}|a\in I\}$
.
Deflnition 1. $I\subset A,$ $s\in \mathbb{Q}>0$ , (1) $(A, I^{\epsilon})$ F-pure $\Leftrightarrow\forall q\gg$
$1,$ $\exists c\in I^{\lfloor\epsilon(q-1)\rfloor},$ $s/tAarrow A^{1/q},$ $1arrow c^{1/q}$ A-hom split.
(2) $(A, I^{s})$ strongly F-regular $\Leftrightarrow\forall d\neq 0\in A,$ $\exists q\gg 1,$ $\exists c\in I^{\lceil q\rceil}s/tAarrow$
$A^{1/q},$ $1arrow(dc)^{1/q}$ A-hom split. 1
(3) $c(I)=c(A, I)= \sup${$s|(A,$ $I^{\epsilon})$ F-pure} $= \sup\{s|(A, I^{\epsilon})$ strongly $F- re_{\mathfrak{W}^{1ar\}}}$
, $c(I)$ $I$ F-pure threshold .
$c(I)$ , .
Lemma 1. ([HR]), $(A, m)$ Noetherian local ring, $M$ : $A$ $\phi$ :A-hom
$Aarrow M$ split mono $\Leftrightarrow\phi\otimes 1$ : $A\otimes_{A}Earrow M\otimes_{A}E$ . $E=E_{A}(A/m)$
$A/m$ .
Remark 1. $c(I)= \sup\{s|\tau(I^{\epsilon})=A\}$ . , $\tau(I^{s})=A\Leftrightarrow 0_{E}^{*I}=$
$(O)\Leftrightarrow[z\in E, \exists d\neq 0, dI^{\lceil\epsilon q\rceil}z^{q}=0\Rightarrow z=0]\Leftrightarrow(A, I^{\epsilon})$ strongly $F- re\infty ar$ . $(\tau(I^{f})$
. )
, .
Lemma 2. (1) $(A,m)$ , $Aarrow A^{1/q},$ $1arrow c^{1/q}$ $split\Leftrightarrow c\not\in m^{[q]}$ . ,
$c(I)= \lim_{qarrow\infty}\frac{\max\{r|I^{r}\not\subset m^{[q]}\}}{q}$
$1$
$r*\rceil$ , $L*$ .
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$\nu_{I}^{m}(q)$ .
$\nu_{I}^{m}(q)=\max\{r|I^{r}\not\subset m^{[q]}\}$ .
(2) $(A, m)=(B, n)/a,$ $B$ , $I=JA$ , $(A, I^{\epsilon})$ $F- pure\Leftrightarrow J^{\lfloor s(q-1)\rfloor}[a^{[q]}$ :
$a]\not\subset n^{[q]}$ .
.
Example 1. $f=x^{2}+y^{3}\in k[[x, y]],$ $I=(f)$ ,
$c(I)=\{\begin{array}{ll}\frac{5}{6} (p\equiv 1 mod 3)\frac{5}{6}-\frac{1}{6p} (p\equiv 2 mod 3)\end{array}$
. , $q=6m+1$ , $(x^{2}+y^{3})^{5m}$ $(xy)^{q-1}$ , $c(I)=$
$\lim_{marrow\infty}\frac{5m}{6m+1}=\frac{5}{6}$ .
$p=6m+5$ , $(x^{2})^{3m+2}(y^{3})^{2m+1}$ $m^{[q]}$ , $\nu_{I}^{m}(p)=5m+3$
. , $((x^{2}+y^{3})^{5m+3})^{p}(x^{2}+y^{3})^{p-1}\not\in m^{p^{2}}$ $\nu_{I}^{m}(p^{2})=(5m+3)p+(p-1)$ ,
$\nu_{I}^{m}(p^{e})=(5m+3)p^{e-1}+(p^{e-1}-p^{e-2})+(p^{e-2}-p^{e-3})+\ldots+(p-1)=(5m+4)p^{e-1}-1$
, $c(I)= \lim_{marrow\infty}\frac{(5m+4)p^{e-1}-1}{(6m+5)^{pe-1}}=\frac{5m+4}{6m+5}=\frac{5p-1}{6p}$ .
Example 2. $A=k[[x, y, z]]/(x^{2}+y^{3}+z^{5}),$ $I=m=(x, y, z)$ . Lemma 2 (3)
, $c(I)= \lim_{qarrow\infty}\frac{\max\{r|I^{r}(x^{2}+y^{3}+z^{5})^{q-1}\not\subset n^{[q]}\}}{q}.\vee.\check{}$ $(B, n)=k[[x,y, z]]$ .
$P=6m+1$ , $(x^{2}+y^{3}+z^{5})^{q-1}$ $(x^{2})^{3m}(y^{3})^{2m}(z^{5})^{m}$ ,
$z^{m}(x^{2}+y^{3}+z^{6})^{q-1}\not\in n^{[q]}$ . $c(I)= \frac{1}{6}$ . , $P=6m+5$
$c(I)= \frac{1}{6}-\frac{1}{3p}$ .
F-pure threshold $c(I)$ lc threshold $lc(I)(\log$ canonical threshold;
. $lct(I))$ .
Theorem 3.([HW],[TW]) $R$ normal Noetherian $ess$ . of finite type over $k,$ $char(k)=0$ ,
$I\subset R$ . $(h, I_{p})$ $(R, I)$ mod $P$ reduction . , $c(R, I_{p})\leq lc(I)$
$R$ log tenfflnml $\lim_{parrow\infty}c(I_{p})=lc(I)$ .
\S 2. F-thresholds
$A$ $P>0$ Noether , $I,$ $a$ $A$ , $a\subset\sqrt{I}$ .
Deflnition 2. (1) $\nu_{a}^{I}(q)=\max${ $r$ I $a^{r}\not\subset I^{[q]}$ }.




Remark 2. Lemma 2 , $(A, m)$ , $c^{m}(a)=c(a)$ ,
, $c(a)$ $d(a)$ .
Lemma 4. (1) $a\subset a’$ $d(a’)\geq d(a),$ $I\subset I’$ $d’(a)\leq d(a)$ . $a’$ $a$
integral $d(a’)=d(a)$ .
(2) $a$ $n$ , $a^{l}\subset I$ $c^{I}(a)\leq sn$ .
Remark 3. $A$ F-pure, , $A\subset A^{1/p}$ split , $r=\nu_{a}^{I}(q)$ , $x\in a^{r},$ $x\not\in I^{[q]}$
$x^{q’}\not\in I^{[qq’]}$ . ($A^{1/q}arrow A^{1/qq’}$ $A^{1/q_{-}}hom$ split , $x^{1/q}\in IA^{1/q\sqrt{}}$
$x^{1/q}\in IA^{1/q}=(I^{[q]}A)^{1/q}.)$ $\nu_{a}^{I}(qq’)\geq q’\nu_{a}^{I}(q)$ , $\frac{\nu_{a}^{I}(q)}{q}$ .
, .
$(A, m)$ , $A$ test ideal $\tau(A)$ m-primaxy , $\nu_{a}^{I}(qq’)\geq q’\nu_{a}^{I}(q)-N$




Example 3. F-threshold .
(1) $(A, m)$ $d$ ,J $=(x_{1}, \ldots,x_{d})$ parameter ideal .
$\nu_{J}^{J}(q)=d(q-1)$ . $(x_{1}\cdots x_{d})^{q-1}\not\in J^{[q]},$ $J^{d(q-1)+1}\subset J^{[q]}$ .
$c^{J}(J)=d$ . $I$ analytic spread $l$ , $d(I)\leq l$ .
(2) $A=k[[X_{1}, \ldots, X_{d}]],$ $J=(X_{1}^{n_{1}}, \ldots, X_{d}^{n_{d}}),$ $a=(X_{1}^{a_{1}}, \ldots, X_{d}^{a_{d}})$
$c^{J}(a)= \frac{n_{1}}{a_{1}}+\ldots+\frac{n_{d}}{a_{d}}$
.
(3) $A=k[[x, y, z]]/(x^{2}+y^{3}+z^{5}),$ $J=(y, z),$ $a=(x, z)$ , $c^{J}(a)= \frac{5}{3},$ $c^{a}(J)= \frac{5}{2}$
.
F-threshold $(A, m)$ , $\tau(I^{\epsilon})$ jumping coefficient .
($\tau(I^{\epsilon})$ $0$ multiplier ideal $p>0$ .
, . )
Thorem 5. $(A, m)$ , $a\subset\sqrt{J}\subset m$ .
(1) $\tau(a^{c^{J}(a)})\subset J$ .
(2) $\alpha\in \mathbb{R}>0$ , $a\subset\sqrt{\tau(a^{\alpha})}$ , $c^{\tau(a^{\alpha})}(a)\leq\alpha$ .
(3) $Jarrow c^{J}(a),$ $\alphaarrow\tau(a^{\alpha})$ $a$ test ideals $a$ F-thresholds
bijention .
[ ] (1) $\alpha=c^{J}(a)$ . $\tau(a^{\alpha})\subset J\Leftrightarrow 0_{E}^{*a^{\alpha}}\supset[0:_{E}J]\Leftrightarrow[z\in E,$ $Jz=0\Rightarrow$
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$\exists c\neq 0,$ $ca^{q\alpha}z^{q}=0$ ]. $\alpha=\lim\frac{\nu_{a}^{J}(q)}{q}$ , $\exists c\neq 0,$ $ca^{q\alpha}z^{q}\subset J^{[q]}$ ( $\check{}arrow\vee$
“a-test element” ) .
(2) $c^{\tau(a^{\alpha})}\leq\alpha\Leftrightarrow\forall q\gg 1,a^{q\alpha}\subset\tau(a^{\alpha})^{[q]}\Leftrightarrow\forall q\gg 1,$$\forall z\in 0_{E}^{*a^{\alpha}},$ $a^{q\alpha}z^{q}=0$ ,
$0_{E}^{*a^{\alpha}}$ $\exists c\neq 0,$ $cz^{q}a^{\alpha}=0$ .
(3) $\alpha=c^{J}(a)$ . (1) $\tau(a^{\alpha})\subset J$ $\alpha=c^{J}(a)\leq c^{\tau(a^{\alpha})}(a)$ . ,
(2) $c^{\tau(a^{\alpha})}(a)\leq\alpha$ $c^{\tau(a^{\alpha})}=\alpha$ . , $J=\tau(a^{\alpha})$ , (2)
, $\beta=c^{J}(a)\leq\alpha$ . (1) $J\supset\tau(a^{\beta})\supset\tau(a^{\alpha})=J$ , $J=\tau(a^{\beta})$
. 1 1 .
$A$ $F- fi\dot{m}te$ ($A^{1/p}$ $A$ ) , Blickle, $Must_{\S}t\check{a}$, Smith
$c^{J}(a)\in \mathbb{Q}$ (iumping coefficient ) , $a$ $\{c^{J}(a)|J\subset A\}$
. ([BMS] , . )
Example 4. (1) $(A,m)$ , $a=m$ . $I$ m-primary ideal, $a(I):=$
$\max\{i|m^{i}\not\subset I\}$ , $d(m)=a(I)+d$. $I$ $d(m)\in \mathbb{Z}$
.
, $a\in m^{a},$ $x\not\in I$ $A$ $F$ : $Aarrow A$ flat $((x^{q})+$
$I^{[q]})/I^{[q]}\cong A/m^{[q]}$ , $(x_{1}\cdots x_{d})^{q-1_{X}q}\not\in I^{[q]}$ . $m^{aq+d(q-1)}\not\subset I^{[q]}$ .
$m^{aq+d(q-1)+1}\subset(m^{[q]})^{a+1}=(m^{a+1})^{[q]}\subset I^{[q]}$ $d(m)=a(I)+d$ .
(2) $\tau(m^{\alpha})$ . $A=k[[X_{1}, \ldots, X_{d}]],$ $E=(X_{1}\cdots X_{d})^{-1}k[X_{1}^{-1}, \ldots,X_{d}^{-1}]$
. $A$ $E$
$(X_{1}^{a_{1}}$ ... $X_{d}^{a_{d}})\cdot(X_{1}^{-b_{1}}\cdots X_{d}^{-b_{d}})=\{\begin{array}{ll}X_{1}^{a_{1}-b_{1}} ... X_{d}^{a_{d}-b_{d}} (\forall i, a_{i}<b_{i}),0 otherwise\end{array}$
. $r\in \mathbb{Z}$ $m^{r}X_{1}^{-b_{1}} \cdots X_{d}^{-b_{d}}=0\Leftrightarrow\sum b_{i}\geq r+d$ , $X_{1}^{-b_{1}}\cdots X_{d}^{-b_{\text{\’{e}}}}\in$
(0) $\Leftrightarrow\sum b_{i}>\alpha$ , $\tau(m^{\alpha})=m^{\lfloor\alpha\rfloor+1-d}$ .
, $\forall I$ m-primary, $\tau(m^{c^{I}(m)})=m^{a(I)+1}\subset I$ . , $\tau(m^{\alpha})=m^{\lfloor\alpha\rfloor+1-d}$
, $a(\tau(m^{\alpha})=\lfloor\alpha\rfloor-d$ , $c^{\tau(m^{\alpha})}(m)=\lfloor\alpha\rfloor\leq\alpha$ .
Conjecture. $(A, m)$ local, $a$ :m-primary such that $\forall I$ :m-primary, $d(a)\in \mathbb{Z}$
, $A$ regular, $a=m$ . ( . )
\S 3. A conjecture on F-thresholds and multiplicity
de Fernex, Ein, $Must_{9}t\check{a}$ [DEM] .
Thorem 6. $(A,m)$ $0$ $d$ , $I$
m-primary ideal ,
$e(I) \geq(\frac{d}{lc(I)}I^{d}\cdot$





Conjecture 7. $(A, m)$ $p>0$ $d$ Noetherian local ring, $I$ parameter
ideal, $a$ m-primary ideal ,
$e(a) \geq(\frac{d}{d(a)})^{d}e(I)$ .
, $A$ regular, $I=m$ , $[dFEM]$ .
Example 5. (1) $A=k[[X_{1}, \ldots, X_{d}]],$ $I=(X_{1}^{a_{1}}, \ldots, X_{d}^{a_{d}}),$ $a=(X_{1}^{b_{1}}, \ldots, X_{d^{d}}^{b})$ ,
Ex 3 , $d(a)= \frac{a_{1}}{b_{1}}+\ldots+\frac{a_{d}}{b_{d}}$ ,





Conjecture 8. $(A, m)$ : $p>0$ d- F-rational local ring $0$
rational singularity . $A$ $e(A)\leq 2^{d-1}$
.
Brian\caon-Skoda , $m$ minimml reduction $J$ , $m^{d}\subset J$
, .
$c_{0_{\dot{\mathfrak{U}}^{ecture}}}8’$ . $(A, m)$ : Artinian local, , $m^{\epsilon+1}=(0)$ .
$e(A)\leq 2^{\epsilon}$ .
[ $7\Rightarrow$ 8’ ] , $0$ , $e(A)$ $p>0$
reduction , $p>0$ . $A=B/(fi, \ldots, f_{r}),$ $(B, n)$ ,
$f_{i}\in n^{n\ell}$ , $ni\geq 2$ , $(x_{1}, \ldots , x_{r})$ $B$ regular parameter system .
$f_{i}=\Sigma$ aijxj , $(f_{1}, \ldots, f_{r})$ : $n$ $Det(a_{1j})$ . $a_{ij}\in n^{n-1}$:
, $s\geq\Sigma_{i=1}^{r}$ $ni– l\geq r$ .
, $J=(f1, \ldots, f_{r})$ 7 ,
$1=e(n) \geq(\frac{r}{c^{J}(n)})^{r}e(J)$
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$e(A)=e(J)$ , 4 , $m^{\epsilon}\neq(0)$ $c^{J}(n)=s+r$ ,
$e(J)=e(A) \leq(\frac{s+r}{r})^{r}$
. $s$ $r$ $r\leq s$ , $r=s$
$2^{s}$ , 8’ .
7 .
Conjecture 9. $(A, m)$ : $p>0$ d- local ring $J,$ $a$ ,
$q=p^{e}\gg 1$ , $a^{r}\subset J^{[q]}$ $r$ ,
$l_{A}(A/a^{r}) \geq\frac{d^{d}}{d!}l_{A}(A/J^{[q]})-O(q^{d-1})$ .
, .
Conjecture $y$ . $(A, m)$ : $p>0$ local ring $J$ ,
$q=p^{e}\gg 1$ , integrally closed m-primary ideal $I$ $I\subset J^{[q]}$
$l_{A}(A/I) \geq\frac{d^{d}}{d!}l_{A}(A/J^{[q]})-O(q^{d-1})$ .
9,9’ $J^{[q]}$ $d$ , $a^{r}$
$I$ $q$ 1 , .
$a^{r}\subset J^{[q]},$ $I\subset J^{[q]}$ . ),9’ 7
.
, $9’\Rightarrow$ 9 $I=\overline{a^{r-d}}$ $I=\overline{a^{r-d}}\subset a^{r}$ colength
$O(q^{d-1})$ .
[ $9\Rightarrow$ 7 ] $l_{A}(A/a^{r}) \geq\frac{d^{d}}{d!}l_{A}(A/J^{[q]})-O(q^{d-1})$ . $l_{A}(A/a^{r})=e(A) \frac{r^{d}}{d!},$ $l_{A}(A/J^{1^{q]}})=$





Theorem 10. $(A, m)$ regular, regular parameter $(x_{1}, \ldots, x_{d})$ $J=$
$(x_{1}^{n_{1}}, \ldots,x_{d^{d}}^{n})$ 7 .
Remark. 10 2005 9 “Singu-
larity Theory and Commutative Algebra” T. de Fernex suggest
. , 3 (de
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Fernex, , ) . de Fernex
.
[ 10 ] $A=k[[X_{1}, \ldots, X_{d}]]$ . $J=(X_{1}^{n_{1}}, \ldots, X_{d^{d}}^{n})$ . $a$
$m=(X_{1}, \ldots, X_{d})$ . $a$ .
, initial ideal in . $e(a)=$
$e(in(a))$ . $J$ , $a$ $a\subset J$
in$(a)\subset J$ . , in$(a)^{r}\subset in(a^{r})$ .





$y$ . $I$ $J^{[q]}$
. $P_{I}$ $I$ Newton Polygon .
$P_{I}= \bigcup_{X^{m}\in I}m+\mathbb{R}^{d}\geq 0$
$\mathbb{R}^{d}\geq 0$
$I\subset J^{[q]}$ ,
$P_{I}\subset\{(x_{1}, \ldots, x_{d})|x_{i}\geq n_{i}q(1=1, \ldots, d)\}$.
, $\Delta_{I}=\mathbb{R}^{d}\geq 0\backslash P_{I}$ , $\partial P_{I}$ $P_{I}$ .
$l_{A}(A/I)=volume\Delta_{I}+O(q^{d-1})$
. , $\Delta_{I}$ volume ,
$(qn_{1}, \ldots , qn_{d})\in\partial P_{I}$ . $\partial P_{I}$ , $\Delta_{I}$ volume
$\partial P_{I}$ $H$ 1 . $H$ $x_{1}/a_{1}+$
. . . $+x_{d}/a_{d}=1$ , $l_{A}(A/I)= \frac{a_{1}\cdots a_{d}}{d!}+O(q^{d-1})$ . $H$







.\S 4. Roots of Bernstein-Sato Polynomials.
$f\in \mathbb{C}[X_{1}, \ldots, X_{n}]$ ,
$b_{f}(s)f^{\epsilon}=P(s,X, \partial_{X})\bullet f^{\epsilon+1}$ .
$b_{f}(s)\in \mathbb{Q}[s]$ . $P(s,X, \partial_{X})$ $X,$ $\partial x,$ $s$
$f$ .
$b_{f}(s)$ $b$ , Bernstein-Sato polynomial . $b$
( ) $p>0$ , $Muvtqt\check{a}$
( $b$
). ( $b$ , . )
. , $f\in \mathbb{Z}[X_{1}, \ldots, X_{d}]$ .
Proposition 11. $f\in \mathbb{Z}[X_{1}, \ldots,X_{d}],$ $J$ $\mathbb{Z}[X_{1}, \ldots,X_{d}]$ . $f,$ $J$ $F_{p}$
reduction $f_{p},$ $J_{p}$ ,
$b_{f}(\nu_{f_{p}}^{J_{p}})=0$ .
[ ] $\nu=\nu_{fp}^{J_{p}}$ , , $f_{p}^{\nu}\not\in J^{[q]},$ $f^{\nu+1}\in J^{[q]}$ . $b_{f}(s)$ , $b_{f}(\nu)f_{p}^{\nu}=$
$P_{p}(s, X, \partial_{X})\bullet$ $f_{p}^{\nu+1}$ , $P$ $P_{p}(J^{[q]})$ $J^{[q]}$ . $b_{f}(\nu)f_{p}^{\nu}\in$
$J^{[q]},$ $f_{p}^{\nu}\not\in J^{[q]}$ , $b_{f}(\nu)=0$ .
Example 12. $f=X^{a}+Y^{b}\in \mathbb{Z}[X, Y],$ $(a, b)=1$ . $p\equiv i(mod a),$ $p\equiv j(mod b)$
. , $p=an+i=bm+j$ , $f_{p}^{n+m}\not\in(X, Y)^{[p]},$ $f_{p}^{n+m+1}\in(X, Y)^{[p]}$
,
$\nu_{f}(p)=n+m=\frac{p-i}{a}+\frac{p-j}{b}\equiv-(\frac{i}{a}+\frac{j}{b})$ mod $P$
( $\nu_{f}^{(X,Y)}(p)$ $\nu_{f}(p)$ ). $b_{f}(- \frac{i}{a}-\frac{j}{b})\equiv 0(mod p)$ .
$P$ (Dirichlet ), $b_{f}(- \frac{i}{a}-\frac{j}{b})=0$ .
$b_{f}(s)$
$\{-\frac{i}{a}-\frac{j}{b}|0<\dot{\iota}<a, 0<j<b\}\cup\{-1\}$
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